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Abstract. Wc show some definite integrals connecting to infinite series, stud- 
ied in Ramanujan's paper, titled "On question 330 of Professor Sanjana". We 
present few recursive methods to evaluate these definite integrals in various 
cases and we generalize this, to evaluate similar kind of integrals through infi- 
nite series. 
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1. Introduction The classical table of integrals by I.S. Gradshteyn and 
I.M. Ryzhik J] contains many entries related to definite integrals in the com- 
binations of powers and algebraic functions of exponentials. In particular, the 
following integral is given for some special cases of a and a 

a;"e-''^(l -e-^)"da; (1.1) 

In this paper, we connect this definite integral to infinite series given in [5]. We 
evalute them for various cases a and a by using recursive methods. Further, we 
have shown evaluation of combination of trigonometric functions and powers. 
Finally, we present summation of the series of this type 



1 a 1 a(a-l) /I 1 



6" l\{h+lYa 2!(6 + 2)" Va a-1 



(1.2) 
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2. Definite integrals connecting with infinite series. Consider the fol- 
lowing definite integrals for 6 > and a > 

/■OO 

/ a;"e-''^(l - e-=')''dx 
Jo 

= x-e-"- (l - Je- + ±-}le--^ - . dx 

/I a a{a — 1) \ 

= r(a + i) -— + 



l!(6+l)"+i 2!(6+2)"+i "J 
= T{a + l)(/)(a,6,Q) 

Where 

, , 1 a a(a — 1) /r, i \ 

'^('^' ^' = ^ - + 2!(b + 2)"+i - • • • (^-^^ 

Thus, we obtain 

/ x"e-''^(l - e-^)"da; = r(a + l)</)(a, 6, a) 



If a = n,n G N then 



/o 

Also, (2.3) can be written as 



(2.2) 



POO 

/ x''e-'"'{l-e-''ydx = n\(l){a,b,n) (2.3) 
Jo 



f log^'il - t){l - tf-H^dt ^ {-iyn\<j){a,b,n) (2.4) 

JO 

Differentiating (2.3) m times with respect to a, we find that 

/•OO 

/ x"e-''^(l-e-^)"log'"(l-e-^)da; = n!^;.i'")(o,6,n) (2.5) 
Jo 

The above integral can be written as 

/ log"(l - 01og™t(l - tf-H^dt = (-l)"n!.;/)i™)(a,6,n) (2.6) 
Jo 

Interchanging m and n in (2.6), wc find 

(-l)'"m!(/.^"^(6- l,a+ l,m) = (-!)"«!</.(-) (a, 6, n) (2.7) 

If n = 

{-l)"'m\(j){b-l,a+l,m) = (j)^j^\a,b,0) (2.8) 
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Thus, through the infinite series (^(a, &, 0), we can evaluate four different form 
of integrals. Similiarly, if we start from the infinite series for 6 > and a > 



1 



5"+i +!)"+! 2!(6+2) 

then, we obtain 



^ - ... = (l){a,b,a) 



Generalizing equations (2.3) and (2.10), for some |/3| < 1 

/•OO 

/ x°'e-^='{l + tSe-'^fdx = T{a + l)*(a, b, j3, a) 
Jo 



(2.9) 



(2.10) 



(2.11) 



Where 



+ 



' l!(6+l)"+i'^ ' 2!(6 + 2)«+i 
Again, consider the following definite integral for 6 > and a > 



''(^ 0' + ... = na,b,l3,a) (2.12) 



POO 

/ a;"e-*^^(l - e-")''dx 
Jo 



a^ — ibx 



X e 



1 - — e"*'' + 

1! ^ 2! 



r(Q + 1) / 1 



e"^*^ - ... I da; 
a(a — 1) 



ia+i yi^a+i i!(6+l)"+i 2!(6+2)«+i 

(CKTT CKTT \ 

sin — +icos— j 



(2.13a) 



On the other hand, we have 

,T"e-'''^(l -e-*^)"da; = 



TT — X 



a + bx 



I sm 



-a + bx 



dx (2.13b) 



Comparing (2.13a) and (2.13b), we obtain 



Jo 



a;" sin" - cos ( -^—a + bx\dx = -2-'T(a + l)(f){a, b, a) sin — (2.14) 



J X sm - sm ( - 



X / TT — X \ CX.7T 

x" sin" - sin ( —^a + bx]dx = 2~T{a + l)0(a, b, a) cos — (2.15) 
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f 

Jo 



Expanding the cosine funtion in the integral (2.14), 

' a . a X f ™ f, • ™ • A « 

X sm — COS — COS x — sm — sm 6 

2V2V2/ 2V2 

= -2-'^-"-ir(a + l)(/)(a, 6, a) sin ^ 

Setting u = 2b — a, then (2.14) gives 

f°° a ■ a f ''^0- . Tra . \ 

/ X sm X cos — cos ux — sm — sin ux 
Jo ^2 2 7 

= -2~^-^-^r{a + l)Ja,^,a] sir"" 



V' 2 '"/^"■2 



Setting Ac = /q°° a;" sin" x cos ua;rfa; and Ag = a;" sin" x sin ua;rfa; 

™< . Tra , ^-a-a-i-r' . , f u + a \ . an 



cos —Ac - sin —As = -2"""""^r(a + 1)(/) a, — r— , a sin — (2.16a) 

SimiUalry from (2.15), we have 

7ra , . 7ra , , . ,n , / u + a \ a7r 



sin — Ac + cos — A, = 2-"-«-T(a + \)4> \a, . cos — (2.16b) 
Solving (2.16a) and (2.16b), we get 

Ac = 2-"-«-ir(a + (a, sin(a - a)| (2.17) 

A, = 2-"-"-ir(a + [a, cos(a - a)^ (2.18) 

Differentiating (2.17) and (2.18) m times, with respect to a, we can evaluate 
the following definite integrals respectively 

r-QG POO 

/ x" log™ sin X sin" a; cos uxdx and / log™ sin x sin" a; sin uxdx 
Jo Jo 

Similiarly, if we start from the integral x"e~*''^(l + e^^^Ydx we find 

X / Q, \ ~ CKTT 

/ x" cos" - COS I - + 6 ) a;rfa; = -2""r(a + l)(?i(a, 6, a) sin — 
JO 2 v2 / 2 

X / Qj \ ~ CX7T 

/ x" cos" - sin ( - + 6) a;rfa; = 2""r(a + l)<?i(a, 6, a) cos — 
Jo 2 \2 / 2 

Setting V = a + 2b and after simplification, we find 



£ 



x«cos"xcost;a;rfx = -2-"-"-ir(a + l)^( a, — ^,aj sin— (2.19) 

x" cos" xsinradx = 2-"-"-ir(a + 1)^ (a, ") cos ^ (2.20) 



3. Algebraic recursive method Let we start by deriving a recursive 
method connecting algebraic functions to infinite series, for some t < 1, we 
know that from binomial theorem [1] 

b-^{b+i)t+ ^^^^{b + 2)t^ -... = b{i-tr- pt{i - tf-' 

Similiarly, we can write 

b'-^{b + i)h + P^P^ib + 2)h'-...= 

6^(1 - t)P - (26 + l)pt{l - tf-^ + pip - l)t^{l - tf-^ 
Generalize this to positive integer m, we have 

V(-l)M^)(& + z)'"-if = V4'"'i''"'(l-ir"'=+' (3.1) 

i=0 fe=l 

Multiplying by on (3.1) 

i=0 fe=l 

Differentiating with respect to t, 

oo / \ 

1=0 

m 

= E 4"^ {{k + b- l)i'=+''-2(l - if -'=+1 - (p - A: + l)t''+''-\l - tf-'^) 

k=l 

Now rearranging 



+ J2{-iP-k + 2)4™1 + (6 + fc - l)A^^¥+>'-\l - O^-'^+i) 

fc=2 

-(J3 - TO + l)A'^h"'+''-\l - tf-"" 

Cancelling t^~^ on both sides 

A^r^b{i - ty 

m 

+ E ^ + 2)4-1 + + ^ - mth'^-^i - 

fe=2 

-(p - TO + l)A(^)f™(l - = E(-l)' f^) + ^)"*' (3-2) 
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Now (3.2) can be written in the form of equation (3.1). If we replace m by 
m + 1 

m+l oo / \ 

^ _ ^)p-fe+l ^ (P\ (6 + i)m^i (33) 

Comparing (3.2) and (3.3) 

4™+!) =-(p-fc + 2)^™Y + (6 + fc-l)A^, fc = 2,3,...m (3.4) 

^LT/^ = -(f-m+i)A(r) 

If we put m = in (3.1) then we find that ^4^^^ = 1. So, we can evaluate all 
A's recursively through equation (3.4). 

4. Evaluation of definite integrals through infinite series. In section 2, 
we show some definite integrals through infinite series. Here, we evaluate them 
for various cases. 

Evaluation of (/i(a, b, a) 

This integral exists, if a > and b> 0. It is clear that, from equation (2.2) 
^ag-6x(^ _ ^-xy^^ ^ Y{a + l)(f){a, b, a) 



I 

Jo 
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Now, we evaluate them for various cases of a and a through infinite series 
0(a, b, a). 

Case 1. If a = n is an integer, then we can use Ramanujan formula, to 
evaluate infinite series 0(a, b, a) as follow as 

n(/>(a, b,,n) = cri0(o, 6, , n - 1) + a2(t>{a, b,,n-2) + ... + an(t>{a, b, , 0) (4.1) 

Where 

~ P ~ (a + b+l)'' ^ (6+1)'= ~ {a + b + 2f ^ ' ' ' 
and = 1,2,3, ... 

Example. If we take a = — \, b = j and n = 0, 1,2, then (t>{—\, j,n) can be 
calculated from (4.1). Finally, using (2.2) we find 



Jo 



xe * (1 - e ^) ■^dx = 



2-K 
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/ x^e-^^{l-e--)-idx=-^{Tr^ + 16S'^) 
Jo V 27r 

/ x^e-^{l - e-'^y^dx = (577^+485^ + 1285^) 

Jo vStt 

Where 

, _ 1 1 1 1 

Case 2. If a = + m, ju > 0, m e ./V and a = — 1, —2, —3, . . . then putting 
p = —1,1 = in (3.3) and multiplying by a;''+™e~''^ on both sides, we find 

fe=i ^ i=0 

Integrating on (0,oo), 

poo ii+m -x{b+k-l) °° roc 

E4™^'W ^-7rV^^- = E(^+^r/ (4.3) 

Using (2.2) and after simplification, we get 

m+l 

J2 ^["'^'Ui-k, b + k-lii + m) = ({n + l,b) (4.4) 
fe=i 

Example. If we put m = and /x > in (4.4) 

0(-l,6,/z) = C(/x + l,6) 

Putting m = 1 in (4.4) 

<j>i-2, 6 + 1, /X + 1) = C(m + 1, 6) - bCifi + 2, 6) 

Putting TO = 2 in (4.4) 

(t>{-3, 6 + 2, + 2) = C(m + 1, 6) - (26 + 1)C(m + 2, 6) + 6(6 + 1)C(m + 3, 6) 

Case 3. lia = fi + m, n>0,mGN and a = 7 + m^— 1, —2, —3, . . . then 
putting j + m = p,t = in (3.3) and multiplying by a;/*+™e~''^ on both sides 
and integrating on (0, oo) 



""T^ ^ POO 

fe=i -^0 

= ^(-1)' (^^ j + J x''+™e-(*+')"rfa; 
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Using (2.2) and after simplification, we get 

m+l 

4™^' V(7 + m-k + l,b + k-l,n + m) = (j>{-f + m,b,n) (4.5) 



fe=i 



Example. If we take 7 = — |, b = j, n = and m = 1 in (3.3), then 
So that 

a.e-^(l - e-^-'-dx = 2^ (l - ^) 
Jo V 4/ 

Evaluation of (/)(a, b, a) 

This integral exists, if a > and 6 > 0. Prom the equation (2.10). It is 

clear that ^ 

/ x°'e-'"'{l + e-'^ydx = T{a + l)^(a, b, a) 
Jo 

Now, we evaluate them for various cases of (p{a, b, a). 
Case l.If a = iJ. + m, iJ, > 0,m G N and a = — 1, —2, —3, . . . 
If a = 1, then 

i"^ x^e-^" , r(a + 1) , / 6 



/■OO , 



Also, 



^(-1, b, a) = i-<^ ^, a V <^(-l. b, a) (4.6) 



2« ^ \ ' 2 ' ^ 

Putting p = —l,t = in (3.3), multiplying by a;/*+™e~''^ on both sides and 
integrating (0, cjo), we get 

m+l 00 / iV 

y: A^r'' i-^r'k-k, b+k-i,^+m)=Y: t^v^ (4-7) 

fe=l 1=0^"""' 



Case 2. If a = + m, /x > and a = 7 + m 7^ —1, —2, —3, — Simliliarly, 
putting p = 7 + m, t = — in (3.5), multiplying by x^~^'^e~^^ on both sides 
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and integrating on (0, oo) 

m+l 

J2 (-l)^"'4™^'^'^(7 + m - fc + 1, 6 + fc - 1, ^ + m) = 0(7 + TO, 6, /x) (4.8) 
fc=i 

Evaluation of ^(a, b, (3, a) 

Putting p = ^ + m,t = —(3e~^, |/3| < 1 in (3.3), multiplying by x''+'"e~''^ 
and integrating on (0, oo), then 

m+l 

J2 4™^'^(-/3)''"'*(7+m-/c+l,6+fc-l,/3,//+TO) = *(7+TO,6,/?,Ai) (4.9) 

k=l 

Example. If we put to = and /i > in (4.9) 

vI'(-l,6,/3,//) = $(/3,/i + l,6) 

Putting TO = 1 in (4.9) 

vI/(-2, + 1, /3, ^ + 1) = i ($(/?, /i + 1, 6) - 6<i>(/3, M + 2, b)) 

Where $(/3,/x + 1,6) is the Lerch function. To show an another interesting 
example, consider the following definite integral from [2], pp 350. 



/ dx = TT^ CSC 67r(2 — sin^ bn) 



Now, forp = —1, —2, —3, . . ., t = — /3e in (3.5), multiply and divide by x^e 
and 1 + /3e^^ respectively, then, after integrating on (— cx),cx)) 

oo 

= TT^ esc 67r(2 - sin^ &7r) '^l3'{b + i)" 
If we put TO = 0, we obtain 

/ -7 -dx — -csco7r(2 — sm bn) 

(l + e-)(l + /3e--) 1-/3 ^ ' 

By putting to = 1,2,..., we can easily evaluate definite integrals of the type 
jTla (i-i-e-^f(i'+^e-^)"'+t Thus, using new algebraic recursive method, we 
can evaluate simlilar type of integrals. 
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5. Summation of Infinite series. To evaluate integrals that given in equa- 
tion (2.6) and (2.10a). We need to know summation of the series of the type 
(1.2). It can be found by differentiating Ramanujan recusrive formula (2.4) 
sucessively with respect to a. but, it may requires some additional calculation 
and manipulation time. Here, wc present alternative formula that require slight 
lesser computation then the differentiation of (2.4). Wc derive this formula al- 
most similiar way of Ramanujan formula. For a ^ — 1, —2, —3, . . ., using Taylor 
series [1] near p = 

2 3 

logr(p+a+l) = logr(a+l)+V(a+l)^+C(2, a+l)|— C(3, a+l)|-+. . . (5.1) 
Where 

W)(a-|- 1) = lim logn- I H ^ + ■ • • -I ^1 (5.2) 

and 

^^^'" + ^^=(^+(^+(;^ + - ^'-'^ 



Let us take 



f{p,a,b)= [ xP+^-'^il-x)"dx 
Jo 



Expanding in ascending powers of p and integrating by x, 

1 _|_ a(a — 1) a(a— l)(a — 2)^ 



b + p l!(6 + p+l) 2!(6 + p + 2) 3!(6 + p + 3) 

/(p, a, b) = 4,{a, b, 0) - p(/.(a, b, 1) + p^4>{a, b, 2) - p^cP^a, b,3) + ... (5.4) 
Now, differentiating with respect to a, 

f'{p, a, b) = <j>',{a, b, 0) - p<i>',{a, b, 1) (a, 6, 2) + . . . (5.4a) 

r(p + 6)r(a + l) 
/(^.«'^)=r(p + a + 6 + l) 

Therefore, 

log f{p, a, b) = logr(p + b) + logr(a + 1) - logr(p + a + 6 + 1) 

Again, differentiating with respect to a 

f{p,a,b) 



f{p, a, b) 

f{p,a,b) 



ip{a + l) -ip{p + a + b+l) 



f{p, a, b) 



V'(o+l)- (V'(a + b+l)+ K(2, a + 6 + 1) - p2^(3, a + 6 + 1) + . . .) 
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Using (5.4) and (5.4a) 

(^'„(a, b, 0) - p^'^ia, b, 1) + p20;(a, 6, 2) - . . . 
= (V(a + 1) - V(a + 6 + 1) - K(2, a + 6 + 1) + ^^((3, a + 6 + 1) - . . .) x 
((^(a, 6, 0) - p(t>{a, b,l)+ p''(t>{a, b, 2) - p^^{a, 6, 3) + . . .) 

Equating coefficients of p 

cj)'^{a, b, 0) = (ipia + 1) - ?A(a + b + l))0(a, 6, 0) 
</.;(a, 6, 1) = (^(a + l)-ij{a + b+ l))(/>(a, 6, 1) + C(2, a + b+ l)(/.(a, 6, 0) 

<^;(a, 6, 2) = (V(a + 1) - V(a + 6 + l)).^(a, 6, 2) 

+C(2, a + b+ l)(f>{a, b, 1) + C(3, a + b+ l)(f>{a, b, 0) 

Generalize this, we obtain 

(j)'^{a, b, n) = {ipia + I) - ipia + b + l))(t){a, b, n) 

+C(2, a + b+ l)(/)(a, b,n-l) + C(3, a + b+ l}0{a, b, n - 2) 

+ ... + C(n + l,a + 6 + l)</'(a,fe,0) (5.5) 

Further 4>"{a, b, n), (j)"'{a, b,n),. . . can be found by scucessive differentiation of 
(5.5). Also, summation of the series (1.2) is given by 

1 a 1 a(a-l) /l 1 \ 

6" ~ l!(6+l)"a 2!(6 + 2)" Va a- 1/ ~ 

= ^+0aK&,n-l) (5.6) 
Simplifying (5.6) and letting a tends to 0, we obtain 

Tibhr + WTW^WTW'---^'^'''^^'^''''''^ ^^'^^ 

Thus, 

C(«.M) = -^^±^ + «^ + ^^^+*i±i^ (5.8) 
Where C is Euler constant. 

Examples. If wc take a = and b = j then 

1 1 1 1.3 /I 1\ 1.3.5 /I 1 1\ 
1" 2^1 2.4.9" VI 3y 2.4.6.13" V 1 3 5/ ' ' " 

= 4"-0l (-iin-l) 



11 



If n = 0,1, then 0' (-i , j,rij can be calculated from (5.5). Finally, using (2.6) 
we find 

/ \ogt{l ~ t)- h- ^ dt ^ ^^(~^ + ln2] 
Jo v27r ^ 2 / 

log(l - t) logt(l - t)-h-Ut = (^vr (-| + ln2) + C ^2, J)) 

6. Conclusion. We conclude this paper, by connecting some definite inte- 
grals through infinite series given by Ramanujan [3]. Also, we studied various 
recursive methods to evaluate these definie integrals through Ramanujan [5] 
infinite series, Riemann zeta function, etc. Numerical examples are also shown 
to explain the procedure of these recursive methods. 
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